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Linear constraint systems (LCS)

A linear constraint system (LCS) over Zd is a set of linear equaধons ‘Ax = b mod d’, where
A ∈ Mm×n(Zd), b ∈ Zmd . A classical soluধon is a vector x = (xk)nk=1 ∈ Znd such that Ax = b
mod d. A quantum soluধon is a set of unitary operators (xk)nk=1, xk ∈ U(Cd) such that

d-torsion: xdk = 1

commutaধvity: [xk, xk′] = xkxk′x−1
k x−1

k′ = 1 whenever Ajk 6= 0 6= Ajk′ for some

j ∈ [m] := {1, · · · ,m}
constraint saধsfacধon:

∏n
k=1 x

Ajk

k = ωbj1 for all j ∈ [m] and ω = e
2πi
d .
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Measurement-based quantum computation (MBQC)

A determinisধc, non-adapধve ld-MBQC is given by the following data:

resource state: |ψ〉 ∈ (Cd)N (e.g. the N-qudit GHZ-state |ψ〉 = 1√
d

∑d−1
q=0 |q〉⊗N )

local measurement operators:Mk ∈ U(Cd) with eigenvalues d-th roots of unity
Z := {ωa | a ∈ Zd}; consequently,Md

k = 1 for all k ∈ [N ] (d-torsion)
measurement seষngs:Mk = Mk(lk), where lk : Znd → Zd is a Zd-linear funcধon of the
input vector i ∈ Znd
output: The output Zd 3 o =

∑N
k=1mk mod d is the sum of local measurement outcomes.

For determinisধc (non-adapধve, ld-) MBQC, the output defines a funcধon o : Znd → Zd.
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Figure 1. The schemaধc setup of ld-MBQC [2].

LCS from MBQC

We associate to any determinisধc (non-adapধve ld-) MBQC a LCS ‘Ly = o mod d’, where

L = (Li,k)Nk=1,i∈Zn
d

= (l1(i), · · · , lN(i)) ∈Mdn×N(Z2), N = dn, i ∈ Znd

is the matrix of measurement seষngs and o : Znd → Zd, equivalently o ∈ ZNd , is the output of the
MBQC. Note: hidden variable model of MBQC←→ classical soluধon of associated LCS

Does a contextual MBQC give rise to a quantum soluধon of its associated LCS?

Contextuality in MBQC
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(a) Mermin’s star.

|ψ〉 = 1√
2
(|000〉 + |111〉)

Mk(lk) = Slkk Xk =
{
Xk for lk = 0
Yk for lk = 1

, Sk := diag(−i, i)

Lik := (l1(i), l2(i), l3(i)) =


0 0 0
0 1 1
1 0 1
1 1 0

 , o(i) =


0
0
0
1


(b) MBQC and associated LCS.

Figure 2. Qubit Pauli operators in Mermin’s star [4] (tensor products and idenধty operators omiħed).

Note: l1(i) = i1, l2(i) = i2, l3(i) = i1 + i2 mod 2 are Z2-linear, yet o(i) = i1i2 + i1 + i2 mod 2 is
the nonlinear (and universal for classical computaধon) OR-gate [1]

nonlinearity of o : Zn2 → Z2 is a witness of contextuality in determinisধc l2-MBQC [6]

contextuality boosts the classical computer beyond Z2-linear side-processing

The above example generalises to arbitrary prime dimension d. We write d = p for p prime.

Theorem 1

Let |ψ〉 = 1√
p

∑p−1
q=0 |q〉⊗N , for N = 3 and p prime. The lp-MBQC with local measurements

Mk(lk) := Slkξk
Xk, ξk(qk) = exp

(
lk

2πi
p2

(
1 + p(qk − 1)d−1)) ∀qk, lk ∈ Zp ,

set by Zp-linear funcধons l1(i) = i1, l2(i) = i2, and l3(i) = −i1 − i2 mod p on the input

i = (i1, i2)T ∈ Z2
p is contextual, i.e., it admits no noncontextual hidden variable model.

Remarks

more generally, local measurement operators in Eq. (1) are universal for contextual MQBC:

any output funcধon o : Znd → Zd can be computed from these operators [3]

the operators in Eq. (1) are generally not Pauli operators
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Pauli group, Heisenberg-Weyl group, and (diagonal) Clifford hierarchy

We denote by P⊗Nd the N-qudit Pauli group, where P1
d = 〈X,Z, τ1〉 is generated by the

generalised Pauli-X and -Z operators defined by (their acধon on the computaধonal basis

{|q〉}d−1
q=0),

X|q〉 = |q + 1 mod d〉 Z|q〉 = ωq|q〉 ∀q ∈ Zd ,

and τ = ω = e
2πi
d for d odd, whereas τ =

√
ω for d even. For d odd, P1

d
∼= H(Zd), where

H(Zd) = 〈ω−abZaXb | a, b ∈ Zd〉 is the discrete Heisenberg-Weyl group.

The diagonal Clifford hierarchy is defined recursively from C1(d) := {Sξ | ξ(q) = eiφωβq, φ ∈
[0, 2π), β ∈ Zd}, and Ck+1(d) := {Sξ = diag(ξ(0), · · · , ξ(d− 1)) ∈ U(d) | XSξX−1 ⊂ Ck(d)}].
We also define SCk(d) := Ck(d) ∩ SU(d). Note that SC1(d) = {Sξ | ξ(q) = ωα+βq, α, β ∈ Zd}.

Group of measurement operators

The operators in the Heisenberg-Weyl group H(Zd) generalise to (local measurement) operators

M(ξ, b) := SξX
b Sξ|q〉 = ξ(q)|q〉 ∀q ∈ Zd , (1)

where ξ : Zd → U(1). The d-torsion condiধon for M(ξ, b 6= 0) becomes
∏d−1

q=0 ξ(q) = 1, equiva-
lently Sξ ∈ T for a maximal torus of the special unitary group SU(d),

T = T (SU(d)) = {Sξ = diag(ξ(0), · · · , ξ(d− 1)) ∈ SU(d) | ξ : Zd → U(1)} .

Definiࣅon: Let Q ⊂ SCk(d) ⊂ T for some k ∈ N, closed under translaࣅons t : Zd → Aut(Q),
t.Sξ := XSξX

−1. We define KQ(d) := 〈M(ξ, b) := SξX
b | Sξ ∈ Q, b ∈ Zd〉 ⊂ SU(d).

We write K⊗NQ (d) := ⊗Nk=1(KQ(d))k for the N-fold tensor product of KQ(d).

Reduction to Heisenberg-Weyl group

Recall: measurements operators in MBQC only commute on the common eigenstate |ψ〉!

problem: When do elements in K⊗NQ (p) commute?

Lemma: LetM,M ′ ∈ KQ(p) for p prime. Then [M,M ′] = ωc, c ∈ Zp if and only if either

(i) M,M ′ ∈ Q, or

(ii) eitherM ∈ Q(H(Zp)) = SC1(p) orM ′ ∈ Q(H(Zp)) = SC1(p), or
(iii) M ′ = (WM)y forW ∈ Q(H(Zp)) = SC1(p) and y ∈ Zp.

The close relaধonship between abelian subgroups in K⊗Q(p) and H⊗(Zp) gives rise to a map

φ : K⊗NQ (p)p → H⊗N(Zp)—a homomorphism in abelian subgroups of order p in K⊗NQ (p).

Theorem 2

Let Ly = o mod p be a LCS over Zp for p odd prime. Then the LCS admits
a quantum soluধon in K⊗NQ (p) ⊂ SU(p) with Q ⊂ SCk(p) for some k ∈ N
if and only if it admits a classical soluধon.

Sketch of proof: φ preserves the constraints of the LCS

(i) d-torsion: φp(M) = φ(M p) = φ(1) = 1. (Every operator P ∈ H⊗N(Zp) has order p.)
(ii) commutaধvity: φ(MM ′) = φ(M)φ(M ′) whenever [M,M ′] = 1.
(iii) constraint saধsfacধon: let {Mk}k∈J ,Mk ∈ K⊗NQ (p) be a set of pairwise commuধng

operators and ωbJ =
∏

k∈JMk, then φ(
∏

k∈JMk) =
∏

k∈JMk = ωbJ = φ(ωbJ).
Hence, φ maps (classical/quantum) soluধons of the LCS Ly = o mod p in K⊗NQ (p) to
(classical/quantum) soluধons in H⊗N(Zp); by [5], the laħer are classical.
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